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Online Learning Example: Electricity Forecasting

I Every day t an electricity company needs to
predict how much electricity Yt is needed the
next day

I Given feature vector Xt ∈ Rd , predict
Ŷt = 〈wt ,Xt〉 with a linear model

I Next day: observe Yt

I Measure loss by `t(wt) = (Yt − Ŷt)
2 and

improve parameter estimates: wt → wt+1
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Online Convex Optimization

Parameters w take values in a convex domain U
1: for t = 1, 2, . . . ,T do

2: Learner estimates wt ∈ U
3: Environment reveals convex loss function `t : U → R
4: Learner incurs loss `t(wt), observes gradient gt = ∇ `t(wt)

5: end for

Example: Classification with Convex Surrogate Losses
Given Xt ∈ Rd , predict label Yt ∈ {−1,+1}

`t(w) = max{0, 1− Yt〈w,Xt〉} (hinge loss)

`t(w) = ln
(

1 + e−Yt〈w,Xt〉
)

(logistic loss)

`t(w) = (Yt − 〈w,Xt〉)2 (squared loss)
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Online Convex Optimization

Parameters w take values in a convex domain U
1: for t = 1, 2, . . . ,T do

2: Learner estimates wt ∈ U
3: Environment reveals convex loss function `t : U → R
4: Learner incurs loss `t(wt), observes gradient gt = ∇ `t(wt)

5: end for

Minimize regret w.r.t. oracle parameters u ∈ U :

RegretuT =
T∑
t=1

`t(wt)−
T∑
t=1

`t(u)

Assumptions: diameter(U) ≤ 1, ‖gt‖2 ≤ 1.
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Standard Methods

Online Gradient Descent (OGD)
Move into direction of steepest descent:

wt+1 = wt − ηtgt (and project onto U if go outside)

Step size determined by learning rate ηt > 0.

Online Newton Step (ONS)
Make less sensitive to parametrization by running OGD on

pre-conditioned functions `t(Σ
1/2
t+1w̃):

wt+1 = wt − η Σt+1 gt ,

where Σt+1 = (I + 2η2
∑t

s=1 gsg
ᵀ
s )−1 and η fixed.
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The Standard Picture
Minimax rates based on curvature [Hazan, 2016]:

Convex `t
√
T OGD with ηt ∝ 1√

t

Strongly convex `t lnT OGD with ηt ∝ 1
t

Exp-concave `t d lnT ONS with η ∝ 1

I Strongly convex: second derivative at least α > 0, implies exp-concave

I Exp-concave: e−α `t concave
Satisfied by logistic loss, squared loss, but not hinge loss

Limitations:
I Different method in each case. (Requires sophisticated users.)

I Theoretical tuning of ηt very conservative
I What if curvature varies between rounds?
I In many applications data are stochastic (i.i.d.) Should be easier

than worst case. . .

Need Adaptive Methods!
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Main Idea

Existing Adaptivity Results:

I [Bartlett et al., 2007], [Do et al., 2009]
Adaptive GD: strongly convex + general convex

I Other types of adaptivity: [Orabona, 2014, Orabona and Pál, 2016, Duchi et al., 2011, Hazan and Kale, 2010, Orabona et al.,

2015]

I In all cases, tuning of learning rate η is crucial!

Key idea:

I So let’s learn optimal η from the data!

Main obstacle:

I Avoid learning η at slow rate itself.

Breakthrough:

I Multiple Eta Gradient Algorithm (MetaGrad)

I First method to aggregate multiple learning rates
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MetaGrad Algorithm
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7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π

w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π

w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π
w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π
w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π
w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π
w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π
w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad Algorithm

η1 η2 η3 η4

· · · 1
2 ln(T )︸ ︷︷ ︸
≤16

Σ1

w1

Σ2

w2

Σ3

w3

Σ4

w4

π
w =

∑
i πiηiwi∑
i πiηi

w

g = ∇f (w)

w =

∑
i πiηiwi∑
i πiηi

πi ← πie
−ηi ri−η2

i r
2
i

where ri = (wi − w)ᵀg

Tilted Exponential Weights

g
g g

g

Σi ← (Σ−1
i + 2η2

i gg
ᵀ)−1

wi ← wi − ηiΣig(1 + 2ηi ri )

≈ Online Newton Step

7 / 18



MetaGrad: Multiple Eta Gradient Algorithm

Theorem (Van Erven, Koolen, 2016)

MetaGrad’s RegretuT is bounded by

T∑
t=1

(wt − u)ᵀgt 4


√
T ln lnT

√
Vu
T d lnT + d lnT

where

Vu
T =

T∑
t=1

((u−wt)
ᵀgt)

2

=
T∑
t=1

(u−wt)
ᵀgtg

ᵀ
t (u−wt).

I By convexity, `t(wt)− `t(u) ≤ (wt − u)ᵀgt .

I Covariance: gtg
ᵀ
t ∝XtX

ᵀ
t when `t(w) = ht(〈w,Xt〉)

e.g. hinge, logistic, squared loss

I Optimal learning rate η depends on Vu
T , but u unknown!

Solution: aggregate multiple learning rates
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Consequences

1. Non-stochastic adaptation:

Convex `t
√
T ln lnT

Exp-concave `t d lnT

Fixed convex `t = ` d lnT

2. Stochastic without curvature
Suppose `t i.i.d. with stochastic optimum u∗ = arg minu∈U E`[`(u)].

Then expected regret E[Regretu
∗

T ]:

Absolute loss* `t(w) = |w − Xt | lnT

Hinge loss* max{0, 1− Yt〈w,Xt〉} d lnT

(B, β)-Bernstein (Bd lnT )1/(2−β) T (1−β)/(2−β)

*Conditions apply
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1. Directional Derivative Condition

Theorem

If there exist a, b > 0 such that all `t satisfy

`t(u) ≥ `t(w) + a(u−w)ᵀ∇ `t(w) + b ((u−w)ᵀ∇ `t(w))2 for w ∈ U ,

then O(d lnT ) regret w.r.t. u.

a = 1

I Satisfied by exp-concave functions [Hazan, Agarwal, and Kale,
2007]

I Requires quadratic curvature in direction of minimizer u.

General a

I Satisfied for any fixed convex function `t = ` with minimizer u,
even without any curvature, with a = 2 and b = 1/(DG ).
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Related Work: Adaptivity to Stochastic Data in
Batch Classification [Tsybakov, 2004]

P
(Y

=
1
|X

)

 0

 0.5

 1

X

 0

 0.5

 1

X

 0

 0.5

 1

X

easy moderate hard
β = 1 β = 1

2 β = 0

Definition ((B , β)-Bernstein Condition)

Losses are i.i.d. and

E (`(w)− `(u∗))2 ≤ B
(
E [`(w)− `(u∗)]

)β
for all w,

where u∗ = arg minu E[`(u)] minimizes the expected loss.
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2. Bernstein Condition for Online Learning
Suppose `t i.i.d. with stochastic optimum u∗ = arg min

u∈U
È[`(u)].

Standard Bernstein condition:

E (`(w)− `(u∗))2 ≤ B
(
E [`(w)− `(u∗)]

)β
for all w ∈ U .

Replace by weaker linearized version:

I Apply with ˜̀(u) = 〈u,∇ `(w)〉 instead of `!

I By convexity, `(w)− `(u∗) ≤ ˜̀(w)− ˜̀(u∗).

E ((w − u∗)ᵀ∇ `(w))2 ≤ B
(
E [(w − u∗)ᵀ∇ `(w)]

)β
for all w ∈ U .

Hinge loss (with G = D = 1): β = 1, B = 2λmax(E[XXᵀ])
‖E[YX]‖

Theorem (Koolen, Grünwald, Van Erven, 2016)

E[Regretu
∗

T ] 4 (Bd lnT )1/(2−β) T (1−β)/(2−β)

Regretu
∗

T 4 (Bd lnT − ln δ)1/(2−β) T (1−β)/(2−β) w.p. ≥ 1− δ

12 / 18



2. Bernstein Condition for Online Learning
Suppose `t i.i.d. with stochastic optimum u∗ = arg min

u∈U
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Experiments
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Offline: `t (u) = |u − 1/4|
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AdaGrad

MetaGrad

Stochastic Online: `t (u) = |u − Xt |
where Xt = ± 1

2
i.i.d. w.p. 0.4 and 0.6.

I MetaGrad: O(lnT ) regret, AdaGrad: O(
√
T ), match bounds

I Functions neither strongly convex nor smooth

I Caveat: comparison more complicated for higher dimensions, unless
we run a separate copy of MetaGrad per dimension, like the diagonal
version of AdaGrad runs GD per dimension
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Summary

MetaGrad

I Consider multiple learning rates η simultaneously

I Learn η from the data, at very fast rate (pay only ln lnT )

I New adaptive variance bound

Variance bound implies fast rates in:

I all known cases: exp-concave, strong convex

I new cases with stochastic data, characterized by online version of
Bernstein condition
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Current/Future Work

Computation

I Online learning often applied in high dimensions d

I Gradient descent: O(d) work per step

I MetaGrad: O(d2) work per step + projection on domain

I Speed up MetaGrad to work in high dimensions by maintaining an
approximation of the matrix Σ
(e.g. a low-dimensional sketch or only the diagonal)

Applications

I Football: predicting match winners, nr. of goals

I Deep learning

I . . .
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Preliminary Run on Football Data
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Dirk van der Hoeven

Raphaël Deswarte

I Predict difference in goals in 6000 football games in English Premier
League (Aug 2000–May 2017).

I Square loss on ball of radius 1.

I 37 features: running average of goals, shots on goal, shots over
m = 1, . . . , 10 previous games; multiple ELO-like models; intercept.

I Data normalized: mean = 0, var = 1.
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