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Discrete Distribution Estimation
» Probability mass function p* on , l.e. on
{1,...,K}
» Sample S: independent draws Xi,..., X, from p*
» Goal: estimate p* from S in Kullback-Leibler divergence:

KL(plIp) = >_p"(D)In
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Discrete Distribution Estimation
» Probability mass function p* on , l.e. on
{1,...,K}
» Sample S: independent draws Xi, ..., X, from p*
» Goal: estimate p* from S in Kullback-Leibler divergence:

KL(p*[IB) = Zp*(f)mp*(l_") = E[(X.p)] - E[(X,p")]

Minimax rate in probability:
Smallest r(9) for which there exists p that guarantees, for all possible p*,

Poe (KL(p[18) < 12(0)) = 1 0.

Interest:
» Simplest setting with unbounded losses
» Cannot get optimal rate with existing techniques
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Maximum Likelihood Estimator

Maximum likelihood estimator:

~ . n; . .
Pui(i) = —,  where nj = [{j & [n] : X; = i}

1. Achieves the minimax rate for smaller distances:

» B achieves the minimax rate 4/ M for total variation
distance V' and Hellinger distance H (Canonne, 2020)
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Maximum Likelihood Estimator

Maximum likelihood estimator:

nj
=

P (1) where n; = |[{j € [n] : X; = i}]

1. Achieves the minimax rate for smaller distances:

» B achieves the minimax rate 4/ M for total variation
distance V and Hellinger distance H (Canonne, 2020)

> V2(p,q) < H?(p, q) < KL(p||q), so minimax rate for KL is at least

K + In(1/6)

* >
rn (6) ~ n
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Maximum Likelihood Estimator

Maximum likelihood estimator:

N . n; . .
Pua(i) =", where i =|{j € [n] : X; = i}|

K +1In(1/0)

ne) 2

2. Matches this lower bound asymptotically as n — oc:

nKL(p*||pm1) ~ 3Y, ‘“converges in distribution”
Y < M—1+1In(1/9) wp.>1-9§

where
» Y has a x? distribution with M — 1 degrees of freedom
> M= |{i: p*(i) > 0} < K is size of support of p*
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Maximum Likelihood Estimator

Maximum likelihood estimator:

PPN ) . .
Pmi() = o where n; = |[{j € [n] : X; = i}|
K +In(1
(o) z KA
n
3. ... but fails catastrophically in minimax sense:

Reason:
> If n; =0, but p*(i) > 0, then KL(p*||pm1) = o0
> For any n, exist p* with i such that p*(i) > 0 but Py« (n; =0) > §
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Natural Fix: Add-+ Estimator

Add-v estimator:

A - ni+vy

py(i) = iKY where n; = |{j € [n] : Xj = i}|

~v = 1. "Laplace estimator”
~ = 1/2: “Krichevsky-Trofimov estimator”
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Natural Fix: Add-+ Estimator

Add-~ estimator:

_oni+vy
 n+ Ky’

B (i) where n = |{j € [n] : X; = i}

Achieves the minimax rate

1. Variant with data-dependent choice of ~y achieves rate:

K-1 1
mﬁin rrllﬁpr* [KL(p*||p)] = —n + O(E) (Braess & Sauer, 2004)
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Add-~ estimator:

ni +7vy
n+ Ky’

B (i) = where n = |{j € [n] : X; = i}

Achieves the minimax rate

1. Variant with data-dependent choice of ~y achieves rate:

K-1 1
mﬁin rrllﬁpr* [KL(p*||p)] = —n + O(E) (Braess & Sauer, 2004)

2. For v =1 achieves this rate up to factor of 2:

|| A K- :
max [E,- [KL(p ||p1)] < (Catoni, 1997; Forster & Warmuth, 2002)
o
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Minimax Rate with High Probability

Author Rate! Estimator

Canonne et al. (2023) % + 7VKI"I(1K/5)5 Laplace p1

v.d. Hoeven et al. (2023) w Surrogate loss + online-to-batch (OTB)
Ours M OTB with suffix-averaging for p

1Up to constant factors
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Upper Bound via Online-to-Batch Conversion

J=max{3,[{i : ni(n/2) < 32In(K/8)|}} < K
J=max {3,|{i : np*(i) < 32In(K/8)}|} < K

N onit) + 2 ¢
per1(i) = Lﬂa pOTE = n Z pt
t+ Zj:l i t=n/2+1
0 if nj(n/2) > 32In(4K/9)
Vi = In(K/8) -
max{1l, ===} otherwise

Theorem
If n > max{In(K/d), K}, then, with probability > 1 — ¢,
K + JInIn(J) 4 In(J) In(1/6)

KL(p"16°T®) < . .
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Proof Qutline |

On an event V of probability > 1 — ¢: online-to-batch + Freedman'’s
concentration inequality for martingales + many bounds gives

KL(p*[|p°T®) < = (RT+Z%+In )In(l/é)),

where the regret on the second half of the data is

n +(X
RTZ Z |ng(t)

t=n/2+1 pe(Xt)

for pt(i) = %}T”J and In 8 bounds the loss range:

'|<IB

max||n
(1)
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Proof Qutline II

. pr(X:)
Rt = Z log
t=n/2+41 pe(Xt)

t

Prr1 = arg min Z —Inp(Xs) + R(p)
pEA s=n/2+1

n/2 K
R(p)=>_ ~Inp(Xs)+ 3 —ilnp(i)

Also on the event V: FTRL-analysis + lots of bounding gives

Ry < Z pn/2

ni + i
+22%+ KL(Pn/2+1 (1) P" (i )+Z|n( n/72) +%)

with B, o41(i) = ”"57'}2 . Complete the proof by concentration

inequalities.
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Ad Hoc Lower Bound

(©.0,1) Forj=2,...,K:
1-¢ ifi=1
n
pi(i)=1q% ifi=j
0 otherwise
p3
2 n
(1,0,0)  po (0,1,0) Assume o := 3 ln(l/d) < 5"
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Ad Hoc Lower Bound

(0,0,1) Forj=2,...,K:
1—-2 ifi=1
n
pi(i)=1q% ifi=j
0 otherwise
ps
_2 n
(1.0.00 pp (0.1,0) Assume o := 5In(1/6) < 3.

Lower bound:
» « chosen s.t. P(np = n) = (1 —%)" > ¢ under all po, ..., pk
» So, if n; = n, we cannot distinguish between py, ..., px
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Ad Hoc Lower Bound

(0,0,1) Forj=2,...,K:
1-¢ ifi=1
n
pi(i)=1q% ifi=j
0 otherwise
ps
2 n
(1.0.00 pp (0.1,0) Assume o := 5In(1/6) < 3.

Lower bound:
» « chosen s.t. P(np = n) = (1 —%)" > ¢ under all po, ..., pk
» So, if n = n, we cannot dlstmgmsh between po, ..., pk
» Hence, letting p = ﬁ Zj pj, the minimax rate is at least

K

1 -

Z L(pillp) = _1§ KL(pjl|P)
j=2

Jj=2

x

min max KL(pj||p) > m|n
P J

2In(K —1)In(1/6)
3n

:;|n(K—1):
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Lower Bound by Reduction to Hypothesis Testing

(0,0, 1)

(1,0,0) (0,1,0)

Reduction to Hypothesis Testing: (Tsybakov, 2009)
» Choose pi, ..., pm such that d(p;. pr) > 2¢ for j # k
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Lower Bound by Reduction to Hypothesis Testing

(0,0, 1)

(1,0,0) (0,1,0)

Reduction to Hypothesis Testing: (Tsybakov, 2009)

>
|

Choose ps, ..., pm such that for j # k

Suppose exists estimator p such that d(p;, p) < ¢
with p;-probability > 1 — 4 for all j

Then can identify p; with hypothesis test / = arg min; d(p;, p)

Show that no such hypothesis test exists for py,..., pp, €.g. using
Fano's inequality

Hence no estimator p can achieve € accuracy
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Lower Bound by Reduction to

(0,0, 1)

(1,0,0) (0,1,0)

Reduction to Hypothesis Testing: (our variant for KL, b.c. not a metric)

>
|

Choose ps, ..., pm such that for j # k

Suppose exists estimator p such that KL(p;||p) < ¢
with p;-probability > 1 — 4 for all j

Then can identify p; with hypothesis test j = arg min; KL(p;||p)

Show that no such hypothesis test exists for py,..., pp, €.g. using
Fano's inequality

Hence no estimator p can achieve € accuracy

Hypothesis Testing

10/13



Lower Bound by Reduction to

(0,0, 1)

(1,0,0) (0,1,0)

Reduction to Hypothesis Testing: (our variant for KL, b.c. not a metric)

>
|

Choose ps, ..., pm such that for j # k

Suppose exists estimator p such that KL(p;||p) < ¢
with p;-probability > 1 — 4 for all j

Then can identify p; with hypothesis test j = arg min; KL(p;||p)

Show that no such hypothesis test exists for py,..., pp, €.g. using
Fano's inequality

Hence no estimator p can achieve € accuracy

Hypothesis Testing

10/13



Lower Bound by Reduction to Hypothesis Testing

(0,0,1)

(1,0,0) (0,1,0)

Reduction to Hypothesis Testing: (our variant for KL, b.c. not a metric)
» Choose ps, ..., pm such that for j # k

For same py, ..., pk as in ad hoc lower bound, first step immediately
requires that

pj +pk) _ aln(2) _ 2In(2)In(1/9)

e < KL (ij 2 n 3n ;

which misses the In(K) factor, so standard reduction does not work!
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New Reduction to “Weak Hypothesis Testing”

Let Py,..., P, be any probability distributions for which weak
hypothesis testing is not possible with confidence at 1 — §. Then the
minimax rate is at least

rr () > mPin max KL(P;|P).
J

» Same lower bound as in the ad hoc argument

» No conditions on separation between distributions!
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Lemma

Let Py,..., P, be any probability distributions for which weak
hypothesis testing is not possible with confidence at 1 — §. Then the
minimax rate is at least

rr () > mPin max KL(P;|P).
J

» Same lower bound as in the ad hoc argument
» No conditions on separation between distributions!

Weak hypothesis testing:
» Normal test correct if identifies true hypothesis
» Weak test correct if identifies any false hypothesis
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New Reduction to “Weak Hypothesis Testing”

Lemma

Let Py,..., Py, be any probability distributions for which
is not possible with confidence at 1 — §. Then the
minimax rate is at least

rr () > mPin max KL(P;|P).
J

» Same lower bound as in the ad hoc argument

v

No conditions on separation between distributions!

» Normal test correct if identifies true hypothesis
» Weak test correct if identifies any false hypothesis

> Still not possible with confidence 1 — § for ps,..., px from ad hoc
bound, because all distributions give probability >  to event n; = n.
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New Reduction to “Weak Hypothesis Testing”

Lemma

Let Py, ..., Py, be any probability distributions for which
is not possible with confidence at 1 — 0. Then the
minimax rate is at least

ry(0) > mPin GRS KL(P;|| P).

» Same lower bound as in the ad hoc argument

» No conditions on separation between distributions!

Proof sketch:
> Define weak test j = arg max; KL(P;||P) (furthest away)

> Then weak test incorrect (fA:j*) implies
KL(Pj- ||P) = max; KL(P;||P) > minp max; KL(P;||P)
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The Hierarchy of Divergence Measures

Rényi divergence R, (p||q) is increasing in its order «,

and continuous in « (except if it jumps to oo at some o > 1)

(van Erven & Harremoés, 2014)

@)

1/2 KL ¢

Remarks:
> H? =~ Ry, when either goes to 0
» %% ~ R, when either goes to 0

> %V2 < H?< R1/2 < KL, but Pinsker gives tighter %Vz < KL

«
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The Hierarchy of Divergence Measures
Rényi divergence R, (p||q) is increasing in its order «,

and continuous in « (except if it jumps to oo at some o > 1)
(van Erven & Harremoés, 2014)

)

1/ KL ¢ o

Used in this talk:
V2 < H?2 < KL< y?

1/1



	References
	Appendix

