Machine Learning 2007: Lecture 2

Instructor: Tim van Erven (Tim.van.Erven@-cwi.nl)
Website: www.cwi.nl/"erven/teaching/0708/ml/

September 13, 2007
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Organisational Matters

o Please register on Blackboard:
atters

This Lecture versus Machine Learning (2007-2008)_1

Mitchel e Final exam: December 20, 18.30 — 21.15

Scalars, Vectors and . . .

Matrices e Homework Exercises 1 moved to this week. | will make an
Addition alternative version available for students who have not seen
gg;tlgﬁcation by a vectors and matrices before.

The Transpose

Multiplying Vectors or
Matrices

The Identity Matrix

The Matrix Inverse

Data Representation
Using Vectors

3/34



Organisational
Matters

This Lecture versus
Mitchell

Scalars, Vectors and
Matrices

Addition

Multiplication by a
Scalar

The Transpose

Multiplying Vectors or
Matrices

The Identity Matrix

The Matrix Inverse

Data Representation
Using Vectors

Overview

e Organisational Matters
e This Lecture versus Mitchell
e \ectors and Matrices

Scalars, Vectors and Matrices
Addition

Multiplication by a Scalar

The Transpose

Multiplying Vectors or Matrices
The Identity Matrix

The Matrix Inverse

N I N [ Iy A

e Data Representation Using Vectors

434



Organisational
Matters

This Lecture versus
Mitchell

Scalars, Vectors and
Matrices

Addition

Multiplication by a
Scalar

The Transpose

Multiplying Vectors or
Matrices

The Identity Matrix

The Matrix Inverse

Data Representation
Using Vectors

This Lecture versus Mitchell

Mitchell

Still Chapter 1 and Chapter 2 up to section 2.2. (Be patient,

we will go faster soon enough.)

This Lecture

Vectors and matrices are not in Mitchell.
There is no explicit discussion on data representation In
Mitchell.
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Scalars and Vectors

Organisational Sca|aI’S

Matters

This Lecture versus

Mitchell A scalar « is just an ordinary number (element of R).

Matrices ° For example: xr = 10.

Addition

Vectors:

Multiplication by a
Scalar

L1

An n-dimensional vector x = | : | Is alist of n numbers.

The Transpose

Multiplying Vectors or
Matrices

The Identity Matrix

The Matrix Inverse 3

Data Representation —4 / 7
Using Vectors For examp|e X =

s

10
e Note the convention of writing the list vertically.
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The Vector Space R"

Oligelseifioiel The set of all n-dimensional vectors is defined as:

Matters

This Lecture versus / \
Mitchell I

Scalars, Vectors and Rn .
Matrices T

Addition X In

r1eER,...,zp, €R

Vs
.

'
|

/
Multiplication by a
Scalar

BN e Such spaces are called vector spaces .
[ —— e Geometrically, R' = R is a line.

Matrices e R?isaplane.

e RJis the 3-dimensional space.

e R"Is the n-dimensional space.

The Identity Matrix

The Matrix Inverse

Data Representation
Using Vectors
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Matrices

Organisational Defl n |t|0n :

Matters

This Lecture versus

Mitchell An m x n matrix A with elements a;; Is an array of numbers:

Matrices (all alg - al’n\

Addition

a1 Qa2 - QA2p
Multiplication by a A —
Scalar

The Transpose

Kaml Am2 - amn)
Multiplying Vectors or
Matrices

The Identity Matrix e Ina;;: ¢ indicates the row and j indicates the column.
The Matrix Inverse e Anm x 1 matrix is an m-dimensional vector.

Data Representation
Using Vectors

Example:
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Adding Vectors

Definition:

For any two vectors x,y € R"

X+y=

e You can not add vectors of different dimensionality.

Example:

X+y=

L1

Ln

(130\

47

L0

_|_

Y1

Yn

(53

4

— | 24/7

>/

T+ Y1

Tn + Un

(9

Y
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Adding Matrices

Definition:

For any two m x n matrices A and B,

ai; -+ Qin bi1 -+ bin
A+B=| 1 . 1 |+

aAm1 - Amn bml o bmn

ai1 +b11 -0 aip + b1y

am1 +bm1 - Qmn + bmn

You can not add matrices of different dimensionality.
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Adding Matrices

Example:
1 2 3 —1
4 5 0 n 1
7T 8 9 —1
10 11 12 0
But this is not defined:
13 21
(13 (s
89 144

1
0
1
6

—1
1

—1
0

?

0 3
5 O+
6 9
10 17

2

7

8
12
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Multiplying a Vector by a Scalar

Definition:

For any vector x € R” and scalar a € R

T
aX = : =
Ln
Example:
3
[
2% = 2 —4/7
v
0
\ -1

axr

Ty,

6
(6N
—8/7

2T

\ -2/
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Multiplying a Matrix by a Scalar

Definition:

For any m x n matrix A and scalar o € R

air -+ Aln adir 0 Gdin

aAm1 - Amn aAdm1 - AAmn

Example:

L3 1 9\ _ (-6 2 18
4 5 4) 8 -10 -8
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The Matrix and Vector Transpose

Matrix Transpose:

If Ais an m x n matrix with elements «;;, then its transpose A' is
an n x m matrix with elements b;; such that b;; = a;;.

Example:
1_82T 1 3
3 05 1) |87
2 1

Vector Transpose:

An m-dimensional vector is a m x 1 matrix. Therefore the vector
transpose is a special case of the matrix transpose. For example,

9\ 9
3] = -3 -1 9 -3 -1)' =|-3
1 —1

18/ 34



Organisational
Matters

This Lecture versus
Mitchell

Scalars, Vectors and
Matrices

Addition

Multiplication by a
Scalar

The Transpose

Multiplying Vectors or
Matrices

The Identity Matrix

The Matrix Inverse

Data Representation
Using Vectors

Overview

e Organisational Matters
e This Lecture versus Mitchell
e \ectors and Matrices

Scalars, Vectors and Matrices
Addition

Multiplication by a Scalar

The Transpose

Multiplying Vectors or Matrices
The Identity Matrix

The Matrix Inverse

N I N [ Iy A

e Data Representation Using Vectors

19/ 34



Multiplying Vectors

Organisational Defl n |t|0n :

Matters

This Lecture versus

Vitehel If x,y € R" are n-dimensional vectors, then their inner product ,
Scalars, Vectors and denoted <X, y>, Is defined as

Matrices

Addition

n
Multiplication by a <X7 y> = Z LiY; — T1Y1 + ...+ LnYn

Scalar -
1=1

The Transpose

Multiplying Vectors or .
Example:

The Identity Matrix

The Matrix Inverse o 3

9
Data Representation < 5 , 2 > —=9.-3 —+ 5-2 —+ 1-11 = —6
1

Using Vectors
11
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Multiplying Matrices

Organisational Some Notation:

Matters

This Lecture versus

VR We may view a matrix as a collection of vectors:

Scalars, Vectors and

Matrices air ‘ ‘

A= : B=|b;y --- b,

Addition

Multiplication by a

Scalar T
am

The Transpose

Multiplying Vi - _
Matrix Product:

The Identity Matrix If Aisan m x k£ matrix and B is a k£ x n matrix, then their product
Ao Wity ey AB Is the m x n matrix with elements ¢;; such that

Data Representation
Using Vectors

Cij — <au b]>

e Note that <a7,, > Zl_ azlblj
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Multiplying Matrices

Example:

3—3
—4 + 15
4 —27
0

11
—23

6—0
—8+0
8—0

6
—8
8
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Multiplying a Matrix and a Vector

A Special Case of Matrix Multiplication:

e Recall that a k-dimensional vector is a k& x 1 matrix.

e Henceif Aisan m x k matrix and x is a k-dimensional vector,

then the product Ax is an m x 1 matrix, which is a
m-dimensional vector.

Example:

7
N

| ||
@"bm p-lk)iw

N———"
N

~»

7
NN
N—
NN

7

W WH O

N— N’

N——"
~_——

~—
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The Identity Matrix

The Identity Matrix:

e The n x n identity matrix I satisfies Ix = x for all vectors x.
e It has 1s on the diagonal and 0s everywhere else.

Example:

[l =

o O =
O = O
_ O O
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Matrix Inverse

Organisational Defl N I'[IOI’] :

Matters

This Lecture versus

Mitchell Suppose A is an n x n matrix. Then the matrix inverse A~ (if it
Scalars, Vectors and eXiStS) IS the n x n matrix such that

Matrices

Addition A_lA — ] and AA_lz I.

Multiplication by a
Scalar

The Transpose Exam p | e.

Multiplying Vectors or
Matrices

/2 —1/2 —1/2
Alt=1|(-1/3 1/3 0
1 0 1

(NSRS V)

The Identity Matrix A

The Matrix Inverse

Data Representation
Using Vectors

W O W
O = =
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Classifying Genes by Gene Expression

L1

X =

L2

where z1, 29 € R are the expression levels at times 1 and 2,

respectively.

)

Cxpression level at time |

TCA Cyde Genes

Exprassion level atrime 2
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Handwritten Digits

Consider the problem of classifying handwritten digits again
[LeCun et al., 1998]. How can we represent such digits as
vectors?
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Handwritten Digits

Consider the problem of classifying handwritten digits again
[LeCun et al., 1998]. How can we represent such digits as

vectors? Concatenate rows.

N

p—t

OO D = e

\i/
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Checkers Board Features

Don’t represent the entire board, but only aspects of it (Mitchell):

Checkers board — x =

(1)
L2
L3
L4

o/

The Matrix Inverse

Feature

Meaning

Data Representation
Using Vectors

L]
X2
T3
L4

L6

the number of black pieces on the board

the number of red pieces on the board

the number of black kings on the board

the number of red kings on the board

the number of black pieces threatened by red
the number of red pieces threatened by black
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EnjoySport 1

One Way to Do It:
Attribute Sky AirTemp
Value Sunny | Cloudy | Rainy || Warm | Cold
Encoding 1 2 3 1 2

Sunny, Warm — x = (

1
1

)

Rainy, Cold — x = (2)

Sunny, Cold —= x = (

e The difference of for example (;) — (1> —

meaning.

1
2

)

1

2
(1) has no
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EnjoySport 2

Another Way to Do It:

Attribute Sky AirTemp
Value Sunny | Cloudy | Rainy || Warm | Cold
| 1 0 0 | 0
Encoding 0 1 0 0 |
0 0 1

Sunny, Warm — x =

[

0 Rainy, Cold = x =

0/

A

1/

e The number of non-zero entries in the difference between two
vectors Is twice the number of attributes that differ.
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